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This is a review of current black-hole theory, concentrating 
on local, dynamical aspects. (Expanded version of the brief 
talk given to open the Generalized Horizons session of the 
Ninth Marcel Grossmann Meeting, Rome, July 2000). 



I. BRIEF HISTORY 

The eve of a new millenium provides a particularly 
opportune occasion to review the status of any enter- 
prise and its foreseeable future. The study of black 
holes is relatively young by scientific timescales; although 
Schwarzschild [jj found the first such solution in 1916, 
almost immediately after Einstein formulated General 
Relativity (|], its global structure was described only in 
1960 with the paper of Kruskal Q, reportedly written 
by Wheeler, who is acknowledged as coining the term 
black hole in the late 1960s [Q. Similarly, the rotating 
generalization of the Schwarzschild solution was found 
only in 1963 by Kerr g. The paradigm which developed 
may perhaps be marked by the 1973 article of Bardeen, 
Carter & Hawking || , enunciating the four laws of black- 
hole mechanics, or the 1973 textbooks of Hawking Sz El- 
lis and Misner, Thorne & Wheeler ||. Reviews in 
Hawking & Israel |J stylishly etch this theory in stone. 
However, a few have come to the view that a more local, 
dynamical paradigm is required, for instance to under- 
stand the black-hole collisions which are expected to be 
observed by gravitational-wave detectors. The millcnial 
Marcel Grossmann meeting provided a timely opportu- 
nity to bring together some of the few (we happy few) 
whose research relates to this theme. 

The standard paradigm for black holes consists mainly 
of statics and asymptotics. By statics I mean the study 
of stationary black holes and perturbations thereof. Here 
a black hole is defined by a Killing horizon, with which 
one can associate a surface area A and a surface gravity 
k. (Throughout the article, definitions and notation are 
referred to cited texts, in the spirit of a review). Unique- 
ness theorems restrict the class of solutions, in vacuo to 
the Kerr black holes parametrized by mass m and angu- 
lar momentum J. A first law relates perturbations by 
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reducing k to zero, for instance by test-particle perturba- 
tions. The terminology here is analogous to that of ther- 
modynamics, with which a genuine connection was con- 
jectured by Bekenstein and found by Hawking and others: 
quantum fields radiate from stationary black holes with 
a black-body spectrum at temperature k/2t:. Thus black 
holes presumably have an entropy A/A, leading to much 
speculation concerning desirable quantum gravity. 

With regard to this unanticipated connection, it is in- 
teresting to note that thermodynamics itself is undergo- 
ing a radical paradigm shift from the theory promulgated 
in old-fashioned textbooks and lecture courses, in which 
the first and second laws are formulated with deriva- 
tives which are either static state-space perturbations or 
proudly meaningless, to a local, dynamical theory Jl(J 
in which the first and second laws are local field equa- 
tions involving space-time derivatives of tensorial fields, 
just as in the rest of physics. This originated in 1940 
with the revolutionary work of Eckart pd| on relativistic 
thermodynamics, but the non-rclativistic version appar- 
ently took decades longer jl2j and is still foreign to most 
thermodynamics textbooks. Such historical oddities and 
timescales clearly show that science is less logical and 
more sociological than its preferred public image. Will 
black-hole physics fare better? 

By asymptotics I mean the study of conformal infinity 
in asymptotically flat space-times. Penrose |l3| showed 
how conformal transformations g i— > fi 2 g can be used 
to define conformal boundaries of the space-time, where 
VL = 0, which are at infinite distance and/or time. At fu- 
ture null (lightlike) infinity S + , the Bondi mass-energy E 
measures the unradiated energy of the space-time, while 
the Bondi flux measures the energy flux ip = Vt 2 ip 
of the gravitational waves or other radiation. They are 
related by the Bondi energy-loss equation 
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where f2 is the angular velocity of the horizon. A zeroth 
law expresses the constancy of k and a third law excludes 



with the corresponding equation for past null infinity 3 _ 
obtained by interchanging ± — > =p. The original work 
of Bondi and others is acknowledged as the first to show 
conclusively that gravitational waves carry energy. 

The wrong turn occured, in my view, by applying 
asymptotic concepts to define black holes. Existing text- 
books define a black hole by an event horizon, a phrase 
popular enough to title a recent film. This is the bound- 
ary of the causal past of 3 + , meaning that it is defined by 
a boundary condition applied infinitely far in the future, 
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about which we can know nothing, according to relativis- 
tic causality. The location of the event horizon, or even 
its existence, is known only after the universe has ended, 
or, depending on one's religious beliefs, to the gods look- 
ing down on space-time as a vast Penrose diagram. It 
cannot be known to mere mortals in the here and now. 
This is illustrated in Fig.^] an observer crossing the 
event horizon feels no gravitational field at all and has 
never experienced curved space-time. The event horizon 
does not have any physical effect. Such a horizon could be 
passing through you, gentle reader, at any given instant; 
no-one would notice. More realistically, since the actual 
universe is not thought to be asymptotically flat, event 
horizons do not actually exist, and therefore neither do 
black holes, by the standard definition. This may come 
as some surprise to those observing black holes or their 
signatures; I mention it only to highlight the shameful 
state of accepted black-hole theory. 




FIG. 1. Example of the unknowable nature of event hori- 
zons: Penrose diagram of a spherically symmetric space-time 
which is initially flat but contains an ingoing radiation shell, 
forming a Schwarzschild black hole. An observer in the flat re- 
gion crosses the event horizon but feels nothing. The intrepid 
observer lives a full, happy and productive life, but passes 
away before any possible knowledge of curved space-time. 

More practical researchers, such as those making nu- 
merical simulations, usually characterize black holes by 
marginal surfaces, spatial surfaces which are extremal 
in a null hypersurface. Marginal surfaces are often de- 
scribed by the derogatory term apparent horizon, which 



x For the uninitiated, a Penrose diagram compactly summa- 
rizes the causal features of a space-time, as far as two dimen- 
sions allow. Light rays run diagonally upwards, separating 
spatial (sideways) directions from future (upwards) and past 
(downwards) directions. Also, conformal boundaries at infi- 
nite distance and/or time are rendered finite. 



leads to confusion with the textbook definition of the lat- 
ter, due to Hawking Q). Apparent horizons are defined in 
asymptotically flat space-times: one chooses an asymp- 
totically flat spatial hypersurface and finds all outer 
trapped surfaces lying in the hypersurface; the bound- 
ary of this outer trapped region is the apparent horizon 
of the hypersurface. However, this is so slicing dependent 
that there are global slicings of the Schwarzschild black 
hole with no apparent horizon jwj. Moreover, even with 
a well chosen slicing of a general space-time, it is imprac- 
tical to check every embedded surface to see whether it is 
outer trapped. In practice, people use marginal surfaces, 
based on the proposition of Hawking that a suitably 
smooth apparent horizon is a marginal surface, cf. [ JL5| . 
Algorithms exist to find marginal surfaces in numerical 
simulations, as described by Deirdre Shoemaker during 
the session. For instance, a black-hole coalescence may 
be defined by the appearance of a family of marginal sur- 
faces enclosing the two original families. 

Marginal surfaces seem, then, to provide the way for- 
ward. However, without further qualification they can- 
not be taken to define black holes, as they can occur in 
white-hole horizons, Cauchy horizons, cosmological hori- 
zons and wormhole horizons, and do occur through every 
point of de Sitter space-time. My own proposal |l(]Jl7[] for 
the required refinement, trapping horizons, is described 
in the following. An earlier suggestion by Tipler [M was 
compared by Brien Nolan during the session. More re- 
cently, Ashtekar |l~9| , pC| has proposed using isolated hori- 
zons, which are essentially null trapping horizons. A sig- 
nificant body of work is currently being developed on iso- 
lated horizons, as reported by Jerzy Lewandowski, Olaf 
Dreyer and Alejandro Corichi. Similar ideas for cosmo- 
logical horizons were presented by Jun-ichiro Koga, and 
Daisuke Ida discussed both trapping horizons and appar- 
ent horizons. The session also included various work on 
conservation laws, Killing horizons and event horizons. 

II. TRAPPING HORIZONS 

Imagine enclosing a star with a roughly spherical spa- 
tial surface at some moment of time. Imagine detonat- 
ing a flash of light simultaneously at each point of the 
surface. Two wavefronts form, one ingoing and one out- 
going. Normally one expects the outgoing wavefront to 
have increasing area and the ingoing wavefront to have 
decreasing area. This is measured at each point by the 
expansions 9± of light rays in the wavefronts: 8+ > 
for the outgoing wavefront and < for the ingoing 
wavefront. However, the gravitational field of the star 
tends to drag things toward it, including light. Thus the 
outgoing wavefront does not expand as much as if the 
star were not present. The effect increases closer to the 
star and for larger mass. For large enough mass, for a 
surface close enough, it may happen that the outgoing 
wavefront has decreasing area. This is a black hole: all 
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light and therefore matter are confined inside a shrinking 
area. The idea then is that the boundary of the black hole 
at a given time is a marginal surface, meaning that one 
wavefront has instantaneously parallel light rays, in this 
case 9 + = 0. To characterize a black hole, it is also im- 
portant that the ingoing wavefront is converging, < 0, 
and that 9+ is decreasing in the ingoing direction. 

With such reasoning, I defined a trapping horizon fl6| l 
as basically a hypersurface foliated by marginal surfaces. 
As above, a marginal surface is a spatial surface, usu- 
ally assumed compact, on which one null expansion van- 
ishes, fixed here as 9 + = 0. I call the horizon future 
or past if ^ < or 9- > respectively, and outer 
or inner if d-9+ < or d-9 + > respectively. Here 
the null derivatives d± are with respect to a double- 
null foliation adapted to the horizon, i.e. two intersecting 
families of null hypersurfaces whose intersections include 
the marginal surfaces. Then I propose defining a non- 
degenerate black hole by a future outer trapping hori- 
zon.^] More precisely, I suggest that a non-degenerate 
black hole exists only if such a horizon exists. As to the 
converse, I do not wish to rule out strengthening the def- 
inition. For instance, it seems reasonable to expect any 
surface sufficiently close to a marginal surface and inside 
the horizon to be a trapped surface, meaning 9+9- > 0. 
In contrast, the definition cannot be weakened without 
losing some basic properties expected of black holes, as 
described in the next section. 




FIG. 2. Penrose diagram of a generic Reissner-Nordstrom 
black hole, an Einstein-Maxwell solution, indicating the types 
of trapping horizon. The diagram is left-right symmet- 
ric and identified at top and bottom. In the uncharged 
(Schwarzschild) case, only the outer horizons exist. 



2 Degenerate black holes are those for which f?+ decreases in 
the d- direction, but 8-6+ is not strictly negative, for in- 
stance the extreme (maximally charged) Reissner-Nordstrom 
black hole. However, they are not expected to be physically 
attainable; indeed, this is one possible formulation of the third 
law, as subsequent definitions of surface gravity reveal. 



The four non-degenerate types of trapping horizon oc- 
cur for the generic Reissner-Nordstrom black hole, where 
they label the various Killing horizons as the terminol- 
ogy suggests, as shown in Fig.||. Examples of gravita- 
tional collapse to a black hole are depicted in FigJ^. For 
the massless Klein- Gordon field in spherical symmetry, 
Christodoulou |21J showed that generic collapse satisfies 
cosmic censorship, in the sense that a spatial singularity 
forms inside a future trapping horizon. In this case, it is 
straightforward to show that a trapping horizon must be 
of the outer type. However, other matter models such as 
dust allow the horizon to have an inner part. 




Inner, degenerate, outer future trapping horizon 



FIG. 3. Penrose diagrams of gravitational collapse to a 
black hole in spherical symmetry, (i) depicts the generic col- 
lapse of a massless Klein-Gordon field, where the trapping 
horizon is always of the outer type, while (ii) illustrates that, 
for other matter models, the horizon may have an inner part, 
separated by a degenerate part. As shown in the next section, 
the horizon is achronal or causal if it is outer or inner respec- 
tively. Thus in case (ii) , the degenerate part occurs where the 
trapping horizon is null. 

III. GENERAL LAWS 

I showed that several fundamental properties of trap- 
ping horizons follow directly from the Einstein equations, 
provided that the matter satisfies a standard local en- 
ergy condition. The dominant energy condition states 
that a future-causal observer measures future-causal or 
zero energy-momentum. This implies the weak energy 
condition, which states that a causal observer measures 
non-negative energy density. This in turn implies the null 
energy condition, which states that the energy density in 
a null frame is non-negative. 

The signature law jl6| states that an outer (respec- 
tively inner) trapping horizon is achronal (respectively 
causal), assuming the null energy condition. Here 
achronal means spatial (spacelike) or null and causal 
means temporal (timelike) or null. The null case is non- 
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generic in the sense that special (local stationarity) con- 
ditions are required on the matter and geometry. Thus a 
black-hole horizon is generically spatial and always one- 
way traversible: one can enter but not leave the horizon. 
This is a fundamental property expected of black holes, 
without which a definition would not be acceptable. 

The second law ]l6| states that a future outer or past 
inner (respectively past outer or future inner) trapping 
horizon has non-decreasing (respectively non-increasing) 
area element, again assuming the null energy condition. 
Here the orientation is such that, in the null limit, it is 
future-null. Thus for a black-hole horizon, 

A' > (3) 

where A is the area of the marginal surfaces and the 
prime denotes the derivative along a vector generat- 
ing the marginal surfaces, with the above orientation. 
Moreover, A' vanishes if and only if the horizon is null, 
which includes both Killing horizons and isolated hori- 
zons. Thus the area of a black hole cannot decrease and 
generically increases. Again this is an expected property 
of black holes, analogous to the second law of thermo- 
dynamics. Note the difference with the textbook second 
law for event horizons, due to Hawking, who conjectured 
such a property of apparent horizons . 

The topology law |l6| ] states that future or past outer 
trapping horizons have topologically spherical marginal 
surfaces, assuming the dominant energy condition. Again 
this is an expected property of black holes. If one allows 
degenerate black holes, then toroidal topology is possible, 
but highly non-generic, e.g. the marginal surface must be 
Ricci flat. Similarly, if one allows non-compact marginal 
surfaces, planar topology is possible, but this is hardly of 
astrophysical relevance. Non-orientable topology is ruled 
out by the future or past condition. 

Another general result obtained by these methods is 
that, in the presence of a positive cosmological constant 
A, black holes have an area limit |2^| : outer trapping 
horizons satisfy A < An/ 'A. Thus black holes are smaller 
than the cosmological horizon scale, corresponding to an 
area 12-k/K. 

In summary, trapping horizons provide a local, dynam- 
ical definition of a black hole with expected properties. 
The definition is practical in the sense that marginal sur- 
faces can be found in numerical simulations, with the 
future outer condition being straightforward to check. It 
is also simple and intuitive: the horizon is where outgo- 
ing light rays are just trapped by the gravitational field. 
The next phase of research consists of identifying the 
relevant physical quantities and finding the equations re- 
lating them. This should include and generalize what is 
known in statics and asymptotics, principally the first law 
(|l|) and the Bondi energy-loss equation (||) respectively. 
Thus we need local, dynamical definitions of quantities 
such as mass-energy E and to, surface gravity k, energy 
flux tp of gravitational waves and so on. This constitutes 
the framework I call black-hole dynamics. So far, the 



program has been completed only in symmetric cases, 
discussed in the next two sections. 

Without the local energy conditions, trapping horizons 
may also be used to define dynamic (traversible) worm- 
holes p3|[ . Then, depending on the sign of the energy den- 
sity of the matter, black holes and wormholes are locally 
interconvertible. For example, an initially Schwarzschild 
black hole evaporates by Hawking radiation as a dynamic 
wormhole. This leads to a theory of wormhole dynamics, 
to be described elsewhere. 



IV. SPHERICAL SYMMETRY 

The black-hole dynamics framework has been devel- 
oped in detail in spherical symmetry Q]. Here the area 
A of the spheres is a geometrical invariant. Since the 
null expansions are 9± — <9±lnA, the basic definitions 
can be formulated and extended in terms of A, or more 
conveniently, the areal radius r = ^ A/Att: a sphere is 
untrapped, marginal or trapped as Vr is spatial, null 
or temporal respectively. A trapping horizon is outer, 
degenerate or inner as V 2 r is positive, zero or negative 
respectively. 

There is a natural choice of time given by the Kodama 
vector fc, defined up to orientation by k ■ Vr = and 
k-k = — Vr • Vr. This reduces to the usual Killing vector 
for Schwarzschild or Reissner-Nordstrom black holes. In 
general, a sphere is trapped, marginal or untrapped if k 
is spatial, null or temporal respectively. Thus a trapping 
horizon occurs where k is null, just as a Killing horizon 
occurs where the Killing vector is null. A noteworthy dif- 
ference is that, for Killing horizons, the normalization of 
the Killing vector is determined by an asymptotic bound- 
ary condition, that it be unit at infinity, whereas the nor- 
malization of k is fixed locally. 

The energy-momentum density with respect to k is the 
vector j = —T ■ fc, where T is the energy-momentum- 
stress tensor of the matter. Then both k and j are co- 
variantly conserved: 

V • k = (4) 

V • j = 0. (5) 

These Noether currents therefore admit Noether charges 

V = - J * ■ k = f 7rr 3 (6) 

E=- I i-j = ±r(l - Vr • Vr) (7) 

defined on each sphere, i.e. independent of the choice of 
spatial hypersurface £ with regular centre. Then V is 
the areal volume, while E is the desired energy. This 
definition of mass or energy is common and appears to 
have been given first by Misner & Sharp. It has many 
desired physical properties [ p5| , including that it reduces 
to the Bondi energy at 3 ± . 
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I define surface gravity k by 

k • (V A k) = «Vr. (8) 

That is, the vectors on each side of the equation are par- 
allel, and k is defined as the proportionality factor. On a 
trapping horizon d±r = 0, k = ±Vr, so that the equation 
takes the same form as the usual definition of stationary 
surface gravity in terms of the stationary Killing vector. 
Thus we have a natural generalization of surface gravity 
for dynamic black holes. Note as above that the nor- 
malization of k is determined locally, without recourse 
to asymptotic boundary conditions. The surface gravity 
evaluates as k = V 2 r/2 on a trapping horizon, and there- 
fore has the desired property that k>0, K = 0or«<0 
on outer, degenerate or inner trapping horizons respec- 
tively. Thus any formulation of the third law expressing 
k is related to the unattainability of degenerate 
black holes. 

Associated with the matter are two invariants of T, an 
energy density u>, which is interpreted as a work density, 
and an energy flux covector ip. The dominant energy 
condition implies w > and the null energy condition 
implies that ip is outward achronal in untrapped regions. 
At null infinity , projecting r 2 ip along d^z yields the 
Bondi flux ip^. Thus the Bondi flux has been localized 
for any sphere in the space-time. 

The Einstein equation implies what I call the unified 
first law 

VE = Aip + wVV. (9) 

The two terms are interpreted as energy-supply and work 
terms respectively, analogous to the heat supply and 
work of the first law of thermodynamics. Projecting the 
equation along S + , it reduces to the Bondi energy-loss 
equation (||), since A = <f ir 2 and w — > 0. Generally 

V±E = Aip± (10) 

at 3^. Thus the Bondi energy loss has been localized. 

Projecting the unified first law (^) along a trapping 
horizon, 

K A' 

E' = — +W V' (11) 

»7T 

where the prime denotes the same derivative as in the sec- 
ond law (^) . The term involving area and surface gravity 
has the same form as that of the textbook first law ([j]) of 
black-hole statics, with a space-time derivative replacing 
the perturbation. Thus I call the equation the first law 
of black-hole dynamics. The work term may be checked 
for the Maxwell field, for which w — £ 2 /8tt is the en- 
ergy density of an electric field £ = e/r 2 , where e is the 
charge. Note that for the Rcissncr-Nordstrom black hole, 
the energy is E = to — e 2 /2r, so that the form of the work 
term depends on whether E or to appears on one side of 
the first law. In general, one knows E but not m, since 



there is no known local prescription for the latter which 
works for all matter fields. 

Thus the two principal equations of statics and asymp- 
totics, the first law (|l|) and the Bondi energy-loss equa- 
tion (j^), have been unified into a single energy conser- 
vation equation (^) which holds throughout the space- 
time. This unified first law also includes a first law of 
relativistic thermodynamics: projecting it along the flow 
of a thermodynamic material yields 

E = aQ-pV (12) 

where the dot denotes the material derivative, p is the 
radial pressure, Q is the heat supply and a is a red-shift 
factor. Apart from this Tolman-like factor, which is 1 in 
the Newtonian limit, the equation has the same form as 
the textbook first law of thermodynamics. Thus a gen- 
uine connection with thermodynamics has been found, 
to be added to the famous connection between surface 
gravity and temperature. This also suggests that even 
dynamic black holes have an entropy Aj 4 |^6| . 

The Einstein equation yields an explicit expression for 
the surface gravity: 

E . . 

k> = — — — Airrw. (13) 

Apart from the matter term, this has the same form as 
Newton's law of gravitation. This allows various inequal- 
ities relating area, energy and surface gravity p7l . It 
also implies a zeroth law, given here for the first time: if 
w' = along a null trapping horizon, then 

k' = 0. (14) 

The null condition is an expression of local stationarity 
of the trapping horizon, A' = 0, while w' = is a corre- 
sponding expression for the matter, e.g. £' = or e' = 
for an electric field. The space-time need not be station- 
ary, as emphasized for isolated horizons |l9|], so this is a 
non-trivial generalization of the textbook zeroth law. 

In summary, the black-hole dynamics framework is 
essentially complete in spherical symmetry: one knows 
the relevant physical quantities (A, k, E, k 7 if), w) and the 
equations relating them. There is a unified first law and, 
for black holes, zeroth, first and second laws, which all 
involve the same derivative, that generating the trapping 
horizon. Compare here with the textbook zeroth, first 
and second laws, which all involve different derivatives, 
except where the second law reduces to an equality. This 
is ironically reminiscent of the confusion of derivatives 
which plagued thermodynamics; see Truesdell @ for a 
critical history. 

V. CYLINDRICAL SYMMETRY 

The black-hole dynamics framework has also been ap- 
plied in cylindrical symmetry fl28| ], which has the addi- 
tional complexity of gravitational waves. Here the basic 
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geometrical invariants are the circumferential radius p 
and, up to a constant scale, the specific length I of the 
cylinders. Writing r = p£, the definitions of trapped, 
marginal and untrapped surfaces, and outer, degenerate 
and inner trapping horizons, all take the same form as 
in spherical symmetry. There is a canonical time vec- 
tor k defined by the same formulas, which is covariantly 
conserved, V • k = 0, with Noether charge V = irr 2 . 
An important difference with spherical symmetry is that 
the corresponding energy-momentum density per specific 
length of the matter, j[T] = —£~ 2 T ■ k, is generally not 
conserved. Physically this is because gravitational waves 
carry energy. 

Remarkably, it is possible to include the energy of the 
gravitational waves in a combined conservation law. The 
key physical quantity is the gravitational potential <j) = 
— In £. One invariant of the Einstein equation is a wave 
equation for (/>: 



V 4> = Attq 



(15) 



where g is an invariant of T. In the Newtonian limit, 
this reduces to the Poisson equation of Newtonian grav- 
ity, with g reducing to the density and ip reducing to 
the Newtonian gravitational potential. Then I define 
the energy-momentum-stress tensor of the gravitational 



e = 



2 Vc/> ® V</> - (V</>- V4>)g 
8^r 



(16) 



which has the Klein-Gordon form. Then the energy- 
momentum density per specific length of the gravita- 
tional waves is j[Q] — ~£~ 2 ® ■ k. The combined energy- 
momentum density is then covariantly conserved: 



V-j[T + Q] =0. 



(17) 



The corresponding Noether charge is an energy per spe- 
cific length, E = |(1 — £~ 2 Vr ■ Vr), originally due to 
Thorne. 

With the energy of the gravitational waves included, 
definitions and results follow analogously to those in 
spherical symmetry. Surface gravity k may be defined 
by k ■ (V A k) — £n\Jr. The matter admits a work density 
w and an energy flux ip[T], with a corresponding 
the energy flux of the gravitational waves. (The origi- 
nal reference |^8| used ip/£). Then the Einstein equation 
implies the unified first law 



£VE = Ai/j[T + 6] + t~ x vNV 



(18) 



where A = 2nr is the specific area. The first law of 
black-hole dynamics is the projection along a trapping 
horizon: 



8tt 



wV 



(19) 



The zeroth law is k' — along a null trapping horizon 
with (w/l)' — 0. A first law for cosmic strings also follows 
by projecting the unified first law along the string. 



VI. CURRENT DIRECTIONS 

Of the physically important quantities familiar from 
statics and asymptotics, those not yet considered are an- 
gular momentum and angular velocity. For instance, in 
a black hole collision, one expects that a certain propor- 
tion of the initial angular momentum will be radiated 
away as gravitational waves. Thus angular momentum 
should enter the first law, as in the static first law (Q), 
and presumably satisfy a conservation law of its own, as 
in Newtonian physics. However, there is no agreed local 
definition of angular momentum for dynamic black holes, 
even in symmetric cases. The natural arena seems to be 
axisymmetry, though twisted cylindrical symmetry might 
prove simpler. New ideas are needed here. One idea is 
a Noether-current method which recovers the Ko- 
mar integrals for both energy and angular momentum in 
vacuo, but allows generalization to certain matter fields. 

Also needed are generalizations of the physical quanti- 
ties already defined in spherical or cylindrical symmetry. 
For instance, Mukohyama proposed a general defini- 
tion of surface gravity 
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*g + -(2d {+ 6_ ) + 9+6-) 



(20) 



where r = y/A/4iv, A = § *1 and the integrals are over 
spatial surfaces in the double-null foliation adapted to the 
trapping horizon. This is a quasi-local rather than local 
definition, as it requires knowledge of the whole surface. 
The simplest definition of quasi-local energy generalizing 
the spherically symmetric energy, satisfying some similar 
properties [|31| , is the Hawking energy 
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(21) 



where R is the Ricci curvature scalar of the surface. Then 
there is a first law with the same form as (|ll|), for a cer- 
tain definition of w p0| , which now may be non-zero in 
vacuo. This should presumably include angular momen- 
tum, but as above, this is not properly understood. If 
this form of the first law is accepted, there is a corre- 
sponding zeroth law just as in spherical symmetry (p^|). 
As to a third law for dynamic black holes, this seems to 
be still a completely open question. 

If general black holes prove to be beyond human un- 
derstanding, approximation methods may still be useful. 
For instance, for linearized gravitational waves, it is well 
known how to construct an effective energy tensor j^] 
analogous to the O of cylindrical symmetry. I recently 
proposed a quasi-spherical approximation |32j| which can 
be used to describe gravitational waves from roughly 
spherical black holes. The physical quantities and laws 
of black-hole dynamics, along with gravitational-wave 
dynamics, generalizing the relativistic Poisson equation 
(|l5|), can be formulated in this context, to be described 
elsewhere. 



G 



Recently Ashtekar has encouraged work on isolated 
horizons, which are null trapping horizons with certain 
additional conditions |19|. This is more general than tra- 
ditional statics in that an isolated horizon is not neces- 
sarily a Killing horizon. The situation can be thought of 
as analogous to dynamic equilibrium rather than static 
equilibrium: the space-time need not be stationary, but 
the part of interest, the black-hole horizon, is unchang- 
ing. This can be used to describe black holes in qui- 
escent states between dynamic processes, as depicted in 
Fig||. First and zeroth laws for isolated horizons have 
been given JL9| , the second law reducing to an equality. A 
particularly remarkable result is a quantum-geometrical 
derivation of black- hole entropy EG] . 



Trapping 
horizon 




Event horizon 

/ 

/ 

FIG. 4. Example of isolated horizons: before and after 
matter enters a black hole, the trapping horizon may be an 
isolated horizon. The space-time need not be stationary; there 
can be outgoing radiation arbitrarily close to the horizon. The 
locally irrelevant event horizon is depicted for comparison. 



VII. PERSPECTIVE 

This has been a personal view of black-hole theory 
based on current knowledge, necessarily diverging from 
generally accepted theory. I have presented a frame- 
work for investigating black-hole dynamics, without pre- 
tence to a complete theory. There is already ample evi- 
dence that this quest is successfully proceeding: symmet- 
ric cases have been completely analyzed, with all physi- 
cally important quantities known, and there are general 
laws such as the second law, with at least suggestions 
for general first and zeroth laws. Further development 
requires further ideas, which presents exciting opportu- 
nities for original research. This is particularly timely 
given the anticipated era of gravitational-wave astron- 
omy, which promises unprecedented interplay between 
black-hole theory and observation. I hope that the dawn 
of the new millenium will herald a shift towards a more 
local, dynamical understanding of black holes. 
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